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t^^ ■ Abstract 
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"Tj" \ We investigate the representation theory of some recently constructed N = 2 super W- 

algebras with two generators. Except for the central charges in the unitary minimal series 

of the N = 2 super Virasoro algebra we find no new rational models. However, from our 

J-. . results it is possible to arrange all known N = 2 super W-algebras with two generators 

D ! and vanishing self-coupling constant into four classes. For the algebras existing for c > 3 

'^ ' which can be understood by the spectral flow of the N = 2 super Virasoro algebra we find 

that the representations have quantized U{1) charge. 



1. Introduction 



In the last few years the exphcit construction of W-algebras [1] has also reached the 
fast developing field of A^ = 2 supersymmetric conformal field theories (SCFTs) [2-7]. 
From a two dimensional quantum-gravity point of view N = 2 SCFTs are very important 
since on the one hand they describe the string world sheet CFT of A^ = 1 space-time 
supersymmetric heterotic string compactifications [8-10] and on the other hand the ghost 
sector of W-gravity theories contains an A^ = 2 super W-algebra [11]. In ref. [7] non- 
linear N = 2 super W-algebras, namely extensions of the N = 2 super Virasoro algebra 
(A^ = 2 SVIR) by a pair of super-primary fields of opposite t/(l)— charge, have been 
treated in a systematic way. The calculation of such objects is very involved but using a 
manifestly covariant approach one can simplify the problem tremendously. The extension 
of A^ = 2 SVIR by superprimaries of superconformal dimension Ai, . . . , A^ is denoted by 
5W(l,Ai,...,A,). 

After presenting a further example, the iSVV(l, 3) algebra with zero t/(l)— charge and non- 
vanishing self-coupling constant, we investigate the representation theory of the former 
algebras focusing on the question whether these algebras admit rational models. To this 
end we evaluate Jacobi identities on the lowest weight states |/i, q) yielding restrictions on 
the allowed lowest weights {h,q) [12,13]. The results obtained by this method allow one 
to arrange all known N = 2 super W-algebras with two generators and vanishing self- 
coupling constant into essentially four series. Only one series contains rational theories 
which can be explained by the classification of modular invariants of A^ = 2 SVIR [14,15]. 
In the case of A^ = 2 super W-algebras with two generators there are many examples of 
algebras existing for c > 3. All these c > 3 theories have common features which can be 
explained by the existence of the spectral fiow of A^ = 2 SVIR. Using this fact, we can 
describe these N = 2 super W-algebras by a simple formula containing the well known 
algebras iSW(l, |) ior Q — d^ c = 3d {d G N) [16] as a subset. The latter algebras occur 
in the compactification of the heterotic string to (10 — 2d) space-time dimensions [17,16]. 

2. Construction of A^ = 2 super W-algebras: 5W(1,3) 

In this section we use results of [18,19] about holomorphic N = 2 superconformal field 
theories, and in particular we will use the notation and formulae of section two of ref. [7] . 
We apply the formalism of [7] to construct the supplementary example 5W(1,3) with zero 
t/(l)— charge and non-vanishing self-coupling constant. Firstly, we have to write down all 
super quasiprimary fields which can occur in the OPE $3(^1) $3(^2). We present only the 
fields of dimension 5 and ^■ . The fields with lower dimension have been presented in [7] . 
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K{K{^s{K{cc)C)C)C), K{K{K{AD,D]C)C)C), K{K{Cd^c)C) 
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Ar,(Ar,($£)£), Ki^dC), AfsmD,D]C) 

Ns{Ms{Ms{CDdC)C)C), Ns{Ms{Ms{Ms{CC)C)C)DC), Afs{Afs{Cd^C)DC) 
^fs{^fs{^fs{JC[D,D]C)C)DC), Msi^dDC), J\fs{Ms{^DC)C) 
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Table 1: Quasi-primary fields of dimension 5 and -^ in iSW(l, 3) 



For completeness we give also the Kac-determinants in the vacuum sector: 



det{D^) 



11 

2 



(c - 2)(c - lfc^{c + l)(c + 6)3(c + 12)(2c - 3)3(5c - 9)(7c + 18)(c2 + 26c - 75) 
(c - l)6ci4(c + l)2(c + 6)4(2c - 3)4(5c - 9)2(7c - IS)^ 



Table 2: Kac-determinants 

The next step is to determine the structure constants Q^-, aijk for all normal ordered 
products which are rational functions in c and one self-coupling constant C33 a. We skip 
their presentation and continue with the result that the Jacobi identities yield the following 
expression for the coupling constant C33 a: 



{Cha)' 



49c3(7c - 18)2(c2 + 26c - 75)(3c4 + Q2c^ - 129c2 - 9c + 54) 
3(3 - 2c)(c - 2)(c - l)(c + l)(c + 6)(c + 12)(5c - 9)(3c2 - 37c + 60) ' 



(1) 



All Jacobi identities are satisfied only if the central charge takes the following rational 

numbers: 

[18 10 91 ,^, 

The corresponding values of the self-coupling constant are 



{Cl,afe^Q, 



268960000 1068152671 
88803 ' 88000 J ' 



(3) 



We conclude this section with a very brief review of the results of the construction of A^ = 2 
super W-algebras with two generators with vanishing self-coupling constant [7]. Using 
MATHEMATICA'^^ and a special C-program [20] we constructed >S>V(1, A) algebras for 
A G {|, 2, |, 3}. In the following table we present the central charges c and t/(l)— charges 
Q for which these W-algebras exist. 
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Table 3: Central charges of iSVV(l, A) algebras with vanishing self-coupling constant 



3. Representations of A^ = 2 super W-algebras 



In this section we study the possible lowest weight representations in the Neveu-Schwarz 
(NS) sector of the algebras presented in table 3. To this end one evaluates Jacobi-identities 
on the lowest weight states yielding necessary conditions for the quantum numbers of 
the allowed representations. According to the results obtained this way, we propose an 
arrangement of A^ = 2 super W-algebras with two generators and vanishing self-coupling 
constant into the following four classes: 

(l)c=2^,Q = 0, 2AG1N 

These values of c lie in the unitary minimal series c{k) = -A^, /c G IN of A^ = 2 SVIR with 
k — 4A. The lowest weights in the NS sector are given by (see e.g. [15]): 

^^'"^ ^ — 4(k + 2) — ' ^"^ ^ Arr2' ^ = 0, ...,/c and m = -/,-/ + 2, ...,/. (4) 

The primary field corresponding to the lowest weight {hkfi, 0) is a 7Z2 simple current of 
conformal dimension A for k = 4A. The classification of modular invariant partition 
functions [15] yields off-diagonal invariants for /c = 0, 2 (mod 4) which can be viewed as 
diagonal invariants of the extended model with symmetry algebra iSVV(l, A). The explicit 
calculation of the lowest weights of the iS>V(l, A) at c(4A) yields exactly those lowest 
weights which one expects from the off-diagonal invariant. We stress that these models are 
the only rational ones among the central charges given in table 3 above. The NS part of 
the non-diagonal modular invariant partition function for k = 2 (mod 4) is given by [15]: 
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-I,-! + 2,...,i |m|<fe-i 

i.m-(fc+2) 



V i|v^ +V^ |2+ V i|v^ +V^ l2 

/ J 2 I A771 ^^ Am,+fc+2 1 ^^ / J l\/yra^^ /^t 



(5) 



i=-|+l,...,fc-2,fc i^-|+l,...,fc-2,fc 

m< — (fc — Z) m^k — l 



The xin ^^6 ^^^ characters of the irreducible lowest weight representations of A^ = 2 SVIR 
with lowest weight {hi^rm <?m)- For k = (mod 4) it reads [15]: 



^NS - 2^ 2l^m+Xm I + /^ ^Xm\ + 2^ ^l^m + Xm I + 

2,. ..,-1-2 m.= -|,-|+2...,| !=|+2,...,fc-2, 

1,-1 + 2,. ..,1 \m\<k-l 

Eilv' +v' |2-U \^ ilv^ -4-v' |2 

2 lAm T^ Am+fc+2l ^ / , 2 I Am ^^ Am-(A:+2) I • 



! = 0,2,...,|-2 m.= -|,-|+2...,| !=|+2,...,fc-2,fe 

m= — 1,-1 + 2,. ..,1 \m,\<k — l , s 

(6) 



1 = ^+2,. ..,k-2,k 1=^+2,. ..,k-2,k 

m< — (k — l) m>k — l 



From these expressions one can directly read off the lowest weights of iSVV(l, A) in the NS- 
sector. The following picture shows the allowed lowest weights (h, q) for the first member 
of the series {k = 6). A cross represents a representation module with non-degenerate 
lowest weight, i.e. the zero modes of bosonic components act trivial in the NS sector. The 



rectangles denote a representation module with doubly degenerate lowest weight, i.e. one 



has \h, — ^) ~ ipo\h, i) ^). 
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ip G {G, G, components of $} 



(7) 



for ?7 = ±i. Note that in the Ramond sector the bosonic fields ip and ip of dimension 2 
carry half- integer modes. 



(2a) c = 3 (^1 - ^) ,g = for AeN+i 



|) are contained in this 



In particular, the values c = | (A = |) and c = | (A 

series. These models have infinitely many lowest weight representations with infinitely 

degenerate lowest weight. One obtains for the minimal lowest weight hj^in = ^^, i-e. one 



has Ceff = c — 24/ij- 



3. However, there exist finitely many representations with finitely 



degenerate lowest weight. Note that the A^ = {ces = 1) and A^ = 1 {ces 
are rational theories (see e.g. [21-23]). 

For A G IN there are two other series with Ces = 3. 

(2b) c = 3 (1 - 2A) , g = 2A and c = 3 (1 - 4A) , Q = 2A for A G IN 
The space of representations looks similar to the case (2a). 



analogues 



^) The components (/>, V', V'? X of a super field $ are defined according to ^{Z) 



z) + 



As examples we present the c = ^ (A = |) and c = — 9 (A = 2) models: 



SW(1, 3/2) 
c = 3/5 Q = 
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3/5 
1/2 
2/5 
3/10 )|< 
1/5 
Xl/10 



-4/5 -3/5 -2/5 -1/5 



-1/10 



SW(1, 2) 
c = -9 Q = 4 



1/5 2/5 3/5 4/5 q 



-1 



Explicitly we obtairiOT the following representations for SVV{i., |) and/2; 



\h,-'2/Zf~\h,2), h>0 
5/4- 
1 
3/4- 
1/2- 
1/4- 



4 q 
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(h.q) 








(0,0),(^,0),(i,±|),(^,±i) 


(/i, q\ipQipQ\h, q) = (/i, Q V'o'0o|/i, ?) = 


(-^,q) forgelR 


{h, q\i(joi^o h, ?) ~ (1 - 5q)(2 - 5q)(3 - 5q)(4 - 5q) 
(/i, qIV'oV'o /i, 9) ~ (1 + 5q)(2 + 5q)(3 + 5q)(4 + 5q) 



Table 4: 5W(1, f ) at c = f , Q = 



^ imply that for (±g) G {|, |, |, |} the degeneracy of the lowest 



10 



The relations for h - 

weight is partially removed but is nevertheless infinite. That is to say that e.g. the states 
I — Tfj, — f ) and I — jq, ^) are not in the same representation module as it is the case for 
\ ~ iQ^q) and I — ^, g ± 1) if g is generic. 

For iSW(l, 2) and c = — 9 we obtained the following results: 



(h.q) 








(0,0),(-|,0),(-i,±i) 


{h, q (p'^(pQ h, q) = {h, q|(/)o (j)^ h,q) = 


(i±2) 


{h,q<P^<l)^h,q)^0, {h,q\<l)^<pi\h,q)=0 


(1,±2) 


{h,q4<P^h,q)^0, {h,q\<l)^<P^\h,q)=0 


(-i,Q) for^GlR 


{h,q<PUo\h.q)-^{q-^?{q-l? 
{h,q<Po<Pth,q)--{q + 3)Hq + ^? 



Table 5: SW{1, 2) at c = -9, Q = 4 

The implication of the relations for /i = — | is similar to the previous case. Note that the 
representations with positive h are doubly degenerate. 



(3) c = 3(l-A),g = 0, 2Ag1N 



These models are pathological because their spectrum is not bounded from below. 

SW(1, 3/2) 
c = -3/2 Q = 




To be explicit, from our calculations we could not exclude the following representations: 



{Kq) 








(0,0), {-Iq'-l.q) for^GlR 


{h, q ^o-^ol^. Q) = {h, q i^oi^o\h, q) = 


(i,+i) 


{h, q\%ijo\h, q) = 0, {h, q ^o^ol^. ?) t^ 


U' 2> 


{h, q\%iJo\h, q) ^ 0, {h, q ^o^ol^. q) = 



Table 6: SW{1, f ) at c 



-f,Q = 



(4) c > 3, Q rational 



For these algebras there exists no known analogue in the theory of A^ = and A^ = 1 
W-algebras with two generators (see e.g. [1] and references therein). All representations 
of these algebras have a similar structure. The theories are not rational and have the 
property that infinitely many representations with fixed t/(l)-charge q exist, where q takes 
finitely many rational values. The representations with fixed h have a finitely degenerate 
lowest weight. Furthermore, in all cases the field A/'s($£) vanishes identically. 

For the subset c = 3d {d E IN) it has been shown explicitly in [16] that the extension of the 
N = 2 SVIR by the local chiral primaries (A, Q) = (c/6, ±c/3) exists. In [16] the null field 
A/'s($£) has been used to find the unitary representations for c = 3d. Using the methods 
described above we were able to reproduce these results without exploiting the null field: 



SW(1, 3/2) 


h 


c=9 Q=3 


h-l)^^-\h,l), h>^ 


4 




111 




3 




5/2 




2 




3/2 




1 


^ 


; 1/2 
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The following tc^esj^hof^ tt^ C9j§cr^te ^^ul^s in m(^re_§Jftai/. I^j§te^hajl;2weigiv^20i^fy i^ie 
unitary irreducible representations implying the condition h > ^\q\- 
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(i, +1), (/i, -1), (/i, 0) for M < /i < oo 


(/i, Q i/'o Vo h,q) = 


(i, -1), (/i, 0), (/i, +1) for M < /i < oo 


{h, q ipQipQ h,q) = 



Table 7: 5>V(1, |) at c = 9, Q = 3 



(h.q) 








(/i,0),(/i,±l) for ^ < /i< cx) 


(/i, g|(/)J(/)o /i, ?) = (/i, q|(/>o </)o"|/i, q) = 


(1,-2) 


(/i, ?!(/>+ (/>o \Kq) = 0, (/i, g|(/>o 41^, ?) ^ 


(l,+2) 


(/i, q|(/)(|(/)o /i, q) 7^ 0, (/i, q|(^o (^([ h,q) = 



Table 8: 5W(1, 2) at c=12,Q = 4 

For the new algebras with c > 3 we obtained a very similar structure for the representations. 
As for the c = 3d algebras the theories are not rational and we also obtain a quantization 
of the t/(l)— charge q. 

SW( 1,5/2) , SW( 1,5/2) 

c=_9/2 Q = 2 c: 
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-1 -1/2 1/2 1 3/2 2 q 
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-1 -2/3 -1/3 1/3 2/3 1 4/3 q 



The explicit data are given in the foUowing two tables: 



(h.q) 








(i,±l), (/i,0) for 0< /i< cx) 


{h, q V'o -00 1^' Q) = {h, Q % ^o h,q) = 


(/i, +i) for i < /i< oo 


{h, q ij^t(jQ \h, q) = {h, q ip^ ip'^ h,q) = 


(/i, -i) for i < /i < oo 


{h, q ^^tpQ \h, q) = {h, q ip^ ip'^ h,q) = 


f3 , 3^ 
U'^2^ 


(/i, q\ipoipo \h, q) ^ 0, (/i, q ipQ Vo" h,q) = 
(/i, q ^Q ^Q\h, q) = (/i, q ip^ipQ h,q) = 


U' 2^ 


{h, qIVo+V'o \h, q) = 0, {K q A ipo h,q)y^O 
{h, q ipQ ipQ\h, q) = (/i, q ip^ipo h,q) = 



Table 9: 5W(1, f ) at c = |, Q = 2 



(Kq) 








{h, 0) for < /i< oo 


6h^ + b{h,qipQipQ h,q) = 0, {h,q\ipQipQ h,q)=0 
{h, q\tp^tpQ h, q) = {h, q ip^ ip'^\h, q) = 


(i,±i),(i,±i),(i,±f),(i,±l) 


(/i, q\ipQ ipQ\h, q) = (/i, q ip^ipQ \h,q) = 

(/i, q\iPoi^o \h: q) = {K q -00 i^o\h^ q) = 



Table 10: SW{1, f ) at c = 3, Q = 1 



In the following we will argue that all models with c > 3 can be understood from the 
existence of the spectral flow in A^ = 2 superconformal theories (see eq. (7)). 

For r\ ^ TL the Neveu-Schwarz sector flows to itself. Starting with the vacuum state 
(/i, q) = (0, 0) and applying successively the spectral flow with t] = ±1 one obtains the 
following tower of A^ = 2 Virasoro primary states 

(m-l)2 



hr 



D 



qr 



/"mc 



m + 1 



m G IN. 



(8) 



Note that this spectral flow does in general not map lowest weight states onto lowest weight 
states but these subtleties can be easily taken care of. For c = 3d it was shown in [16] 
that the vacuum representation of the extension of the N = 2 SVIR by the local chiral 
primaries {h, q) = {hi = c/6, qi = ±c/3) is the direct sum of an inflnite number of A^ = 2 
Virasoro representations with lowest weights {hm, q-m)- This implies that the extension of 
the N = 2 SVIR by the two flelds (h^q) = {hrm^\qm\) also exists for c = 3d where the 
generators can be written as normal ordered products of the fundamental flelds {hi, ±1^1 1). 
Furthermore, in all these theories the fleld A/'s($£) vanishes. 



Application of these arguments to d = 1 implies, for instance, that all iSVV(l, A) algebras 
with A = S + 1/2 and Q = 1 exist for c = 3 being in agreement with our calculations. 
Assuming that the construction of [16] can be generalized to arbitrary rational values of 
c > 3, yielding generically a parafermionic fundamental algebra [24], we conjecture the 
iSW(l, A) algebra to exist for 

c=A(A+(!!i^), , = ±l(2A-™+l) (9) 

where m G {1, . . . , [A + i]}. 

We emphasize that the results of table 3 are in perfect agreement with this conjecture. 

4. Conclusion 

Investigating the representation theory of A^ = 2 W-algebras with two generators and 
vanishing self-coupling constant we found that all known algebras can be arranged into 
four series. Only the algebras existing for central charges in the unitary minimal series of 
N = 2 SVIR yield rational models which can be explained by the non-diagonal modular 
invariants of A^ = 2 SVIR. The W-algebras existing for c > 3 can be interpreted by the 
existence of the spectral flow for N = 2 supersymmetric CFTs. Every extension of the 
N = 2 super Virasoro algebra by the spectral flow operators implies a whole hierarchy 
of W-algebras existing for the same central charge. From our results we expect that 
these algebras do not admit rational models. However, one may expect a C/(l)— charge 
quantization of the representations of these algebras because this happened to be true in all 
cases considered so far. In order to flnd new rational N = 2 SCFTs one has to investigate 
N = 2 W-algebras with more generators. We rephrase that the only rational models known 
so far lie in the unitary minimal series of A^ = 2 SVIR. However, the question if unitarity 
is a necessary condition for an A^ = 2 supersymmetric CFT to be rational lies beyond the 
scope of this letter but should be investigated in the near future. 
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